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Theory of Ion Boundary Layers
RONALD A. JOHNSON* AND P. C. T. DE BOER|

Cornell University, Ithaca, New York

Theories are presented for the electric boundary layers that form on flat-plate and cylindrical probes aligned
parallel with a high speed flow, when the probe potential is large and negative. Both slightly ionized continuum flows
and collisionless plasmas are considered. In the former case, the probe potential is supposed sufficiently large to
make the electric boundary layer thick compared with the viscous boundary layer. The corrections arising from the
presence of the viscous boundary layer are calculated. The cases considered are solved either by an integral method,
or by a quasi-one-dimensional method. The results obtained can be used to determine the freestream ion density
from the current measured experimentally. A comparison is made between theory and some available experimental
data.

I. Introduction

IN recent years, considerable attention has been focused on the
theory of electric probes which can be used for measuring the

number density of charged particles in a plasma. Although earlier
work was mainly restricted to the case where the plasma is at
rest,1 there presently is much interest in flowing plasmas. Various
investigators have described probe measurements in high-speed,
low-density flows where the sheath or electric boundary layer is
assumed free molecular.2"7 Of particular interest in connection
with the present study is the work of Ref. 6, which established
that when the ratio of the radius rp of a cylindrical probe
aligned with the flow, to the Debye length he is greater than 3,
the experimental ion saturation current is larger than that
predicted by theories neglecting the presence of the flow. The
theory including flow effects for this case is given in Sec. V of the
present paper. A comparison with the experimental results of
Ref. 6 is given in Sec. VI.

A number of theoretical treatments has been given for electric
probes immersed in flowing continuum plasmas. Most of these
studies8"17 were limited to cases where the viscous boundary
layer is much thicker than the ion sheath. This allows neglecting
convection within the sheath. The resulting ion flow in the sheath
can be treated as one-dimensional, which is crucial in solving the
sheath equations.13 On the other hand, at low densities of the
charged particles and at large probe potential, the sheath becomes
very thick, and can be made to fill a hollow probe. The probe
then serves as a total collector of all charged particles convected
into its entrance area.18'19 If the density of the charged particles
is increased, the sheath thickness decreases. There may arise a
situation where the sheath can no longer fill a hollow probe of
practical size, but still is thick compared with the viscous
boundary layer. An approximate theory for such a sheath was
given in Ref. 20. Recently, the result of this theory was shown
to be the lowest order result of a strict treatment of the basic
equations, in which the asymptotic limits of infinite ion Reynolds
number and infinite negative probe potential are taken, and use
is made of the method of matched asymptotic expansions.21 The
ion flow near the leading edge of this type of sheath was con-
sidered by Dukowicz,22 who used a numerical scheme to solve the
appropriate partial differential equations for various choices of
dimensionless parameters. The case of a thick sheath around a
cylindrical probe transverse to a low speed flow was considered
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in an approximate fashion by Kulgein,23 and reconsidered by
de Boer and David.24

The present work contains, in addition to the case of a high-
speed, free molecular plasma mentioned before, a group of
problems in high-speed continuum plasmas where the sheath
is thick compared with the viscous boundary layer. This group
includes the problem considered in Refs. 20 and 21. It is shown
that this problem is amenable to solution by a method of integral
relations which takes account of convective effects within the
sheath. Using either this method or the method of Ref. 20, we
study flat-plate and cylindrical probes aligned parallel to the flow.
In all cases, the negative potential applied to the probe as well as
the ion Reynolds number are assumed to be large.

II. Flat-Plate Probe in Continuum Regime
We first consider the ion boundary layer that forms over a flat-

plate probe immersed in a slightly ionized continuum flow, with
the probe aligned parallel to the flow (see Fig. 1). The temperature
T of the neutral component is assumed constant/The ion tem-
perature Tt is assumed equal to T, while the electron temperature
Te is assumed to be a constant of order T. It is assumed that
there is no secondary ionization, and no emission of electrons
from the surface. Magnetic effects are neglected. All ions reaching
the probe are assumed to be neutralized by recombination with
electrons from the surface. Only one species of singly charged
ions is assumed present, and their electric mobility is assumed
constant. The ion number density Nt and electron number density
Ne in the freestream are taken equal to a constant number
density N0. Assuming a steady state, without production or
recombination of charged particles, the basic equations describ-
ing the problem are21

V'(Naux) = Q (1)
S a =S-D a Vlnp a -X a VF (2)
V2F=-e(JV f-Ne)/£o , (3)

where D = diffusion coefficient, K = eD/(kT) = mobility, e —
ionic charge, k = Boltzmann's constant, V = electrostatic poten-
tial, e0 = dielectric constant for vacuum, and p = pressure. Sub-
script a denotes either ions (i) or electrons (e). Equation (1) is the
continuity equation for the charged particles, (2) is a simplified
momentum equation, and (3) is the Poisson equation. We set

u = uv, n = y/(hto}1/2)
e = d(/)/drj (4)

Here, R. is the ion Reynolds number, e is the nondimensionalized
vertical component of the electric field, and subscript w denotes
quantities evaluated at the wall. Taking the limit Rt -» oo, co -» oo,
with a}i/2/Rt -> 0 leads to the sheath equations21

n,+« = 0 (5)
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£„ = « (6)
and to the outer region solution21

e = 0, n = 1 (7)
Terms of order p = D, TJ(De 7J) have been neglected in Eqs. (5-7).
Subscripts £ arid v\ denote partial differentiations with respect to
<J and 77, respectively. Equation (5) is the result of substituting
(2) into (1), while (6) is the form of the Poisson equation valid in
the sheath. The outer region and the ion sheath are separated
by a transition region, which to lowest order in /? simply is a line.
We call this line the edge of the sheath, and denote its vertical
coordinate by qs(£) (see Fig. 1). The boundary conditions which
the solution of (5) and (6) should satisfy are21

s- 1>*U- > £ S - £ 1 > > ? S J - ^

Substitution of (6) into (5), and integration with respect to Y\ up
to the sheath edge leads to

where subscript s denotes conditions evaluated at the sheath edge.
Equation (9) yields the nondimensionalized current density at the
wall 7'(£)» provided we can express e^ and e^ as functions of j.
We do this in an approximate fashion by considering an
equivalent one dimensional situation, i.ev a situation in which
the derivative with respect to { is zero. From (5) and (6) we find

as our approximate profiles. We determine Cx as function of r\s
arid j by using the first of boundary conditions (8)

It follows that

Using the last two conditions of (8), we find

(11)
;)1/2 d2)

(13)
The approximate profile cannot simultaneously satisfy the first
and the second of conditions (8), and we drop the second. Sub-
stituting (11-13) into (9), we obtain

~"}~) (14)
The leading edge solution of (13) and (14) can be found by

letting — j > 1, which gives

The large £ solution is obtained by letting — j <^ 1, leaving
7-=-31/2(8fT3/4, 17. = (95/2)1'4 (16)

Expressions (16) agree with the leading terms of the cor-
responding results (49) and (46) of Ref. 21, and are identical to
the results for; and qs obtained using the qUasi-one-dimensional
method.20

The integration of (14) can be carried out in closed form. For
practical reasons, it was found convenient to integrate (14)
numerically using a four point Runge-Kutta scheme. It is interest-
ing to compare the results obtained for the dimensionless current

Fig. 1 Sketch of flat-
plate probe geometry.
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Fig. 2 The quantity —//£ as function of £, for flat-plate probe.
Curves represent results of the quasi-one-dimensional method of Ref. 20
(Q-l-D); of the method of characteristics as given by (50) of Ref. 21
up to the logarithmic term (char.); and of the method of integral relations

as determined by (14). Points are numerical results of Ref. 22.

to those of Refs. 21 and 22 (see Fig. 2). In Ref. 22, numerical
calculations are described which were based on the present
equations (1-3), with the diffusion term in (2) set equal to zero.
The calculations were carried out for various values of the para-
meter RJ(D112. In the present work, this parameter was taken to be
infinitely large, which made it possible to neglect derivatives
with respect to x compared with corresponding derivatives with
respect to y. Such neglect is justified for any value of RJco112

sufficiently far downstream. Indeed, the present result for / is
seen to agree with that of Ref. 22 at large £ (Fig. 2). As a
matter of fact, there is quite good agreement with the numerical
calculations even when £ is as small as 0.1, and the numerical
results show only a slight dependence on the value of R^co112.
This means that "leading edge effects" are not important, as far as
the results of the present method are concerned. From a practical
point of view, this gives the present method an advantage over
the method of Ref. 21. Another practical advantage is the far
greater simplicity of the present method, which makes it suitable
for application to geometries more complicated than the flat
plate.

III. Cylindrical Probe in Continuum Regime
Cylindrical probes aligned parallel to the flow have been used

by various experimenters. The probes consist of solid circular
cylinders, usually made of thin wire, with an appropriate
electrical bias. Even though the mathematical details are some-
what more complicated, the theory for these probes can be given
in a manner similar to the integral method used for the flat plate.

Using the cylindrical coordinate system shown in Fig. 3, the
axisymmetric equivalent of (5) and (6) is

where p = r/(/i-co1/2) and &~(t>pi subscript p denotes partial
differentiation with respect to p. After performing an analysis
completely analogous to that used for the flat plate, the governing
equations corresponding to (13) and (14) are found to be

In

--h (18)

Fig. 3 Coordinate system for
cylindrical probe.

''ELECTRODE
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dC
(19)

where as = pjpp, C = (m}p/pp = -jp/pp, V = l/pp
2, while the

subscript p denotes conditions evaluated at the probe surface
PNear the leading edge, as 1 and — C

, a - 1 =
1, which gives

(20)
It can be shown that these results agree with the flat plate results
near the leading edge. This is to be expected because the curvature
effects vanish in this region where ds = rs — r ->0. The down-
stream asymptotic solution may be found by assuming — C <^ 1
and <J 5> 1 which leads to

l '
In order to obtain a solution valid over the entire range of £,

(18) and (19) were solved numerically using (20) to start the
solution at small £. The current density-sheath thickness relation
(18) could not be solved explicitly for the current density in terms
of the sheath thickness as in the flat-plate case. Hence, a Newton-
Raphson iterative scheme was used to solve (18) for C(as, i^\
while (19) was simultaneously integrated numerically in the
downstream direction by means of Simpson's rule.

A plot of numerical results for <TS(|) at various values of the
parameter if is shown in Fig. 4, while Fig. 5 shows —jp/pp.
We note that if is proportional to the voltage Vw. The large £
results are found to approach those given by Eq. (21), thus provid-
ing a check on the numerical integration. It is interesting to note
that, for given flow conditions and electrode potential, the flat-
plate sheath is thicker than the equivalent axisymmetric sheath.
This can be seen by comparing the quantity:

VPP = ^1/2(9£/2)1/4 (22)
with as— 1, where as is the result shown in Fig. 4. The difference
is explained by the better shielding in the axisymmetric case,
which results from the convergence of the ion streamlines on
the probe.

IV. Viscous Boundary-Layer Effects
In any practical situation, neither the Reynolds number Rt nor

the electrostatic potential parameter co can be infinitely large. As a
consequence it may be necessary to apply corrections to the
results obtained in the previous sections.

It appears that the main corrections which must be considered
are those arising from the presence of a viscous boundary layer.
This boundary layer modifies both the convection velocity u, as
well as the ion mobility Kt. Langevin's theory for ionic
mobility predicts Kt = K0 p0/p where K0 is the "reduced"
mobility, (i.e., mobility at some standard temperature and pres-
sure), p0 is some standard density, and p is actual density.25 The
experiments of interest in this study typically involve the hot flow

10

Fig. 4 Nondimensionalized sheath thickness <rs as function of £ at
various values of iT = pp~2, for axisymmetric probe in continuum

regime.

I02 I03 I04

Fig. 5 Nondimensionalized current density —jp/pp as function of £ at
various values of : pp

 2, for axisymmetric probe in continuum
regime.

of an ionized gas over a cold electrode with a cool viscous
boundary layer adjacent to the electrode. This reduces the
mobility in the inner portion of the sheath and thus leads to a
decrease in the current collected. It can easily be shown that the
results obtained previously for J yield J(L) oc Xt

1/4, where J(L)
denotes the current collected per unit width by an electrode of
length L. In view of the small dependence of J on K evidenced
here, it may be expected that the reduction in current collected
will be relatively small.

When the viscous boundary-layer thickness 60 becomes larger
than the sheath thickness ds, the convection velocity at the outer
edge of the sheath is reduced, from its freestream value. Hence,
the current is decreased below that predicted by the reduced
mobility theory just outlined. In the present section an estimate
is given for the reduction in current caused by both these effects.
Most of the attention is confined to the case of a flat plate.

It was found in Sec. II that for the flat plate the results
obtained using the quasi-one-dimensional (Q-l-D) method of
Ref. 20 agree with the downstream results obtained from the
method of integral relations and from the method of charac-
teristics. Since the Q-l-D theory is mathematically much simpler
than the other theories, we adopt it for the present problem.

As discussed in Ref. 20, the equation expressing continuity of
ions crossing the sheath edge is

/= -eusN0dds/dx (23)
where / is the ion flux or current density, and us is the com-
ponent of convective velocity at the outer edge of the sheath. We
find another relation between /and ds by using

= (24)

Assuming the density profile in the viscous boundary layer to be
known, Kt is a given function of x and y. Combining Eqs. (24)
results in

= 2f/[s0Ki(x,y)~] (25)
Since Kt is not constant, we cannot integrate this expression
analytically as before. Applying the boundary conditions
E(8a) = 0, V(68) = 0, F(0) = Vw to (25) and using (23) results in

(26)

where K = 'Kt/K0 is the nondimensiohalized mobility and
us = us/u0 the nondimensionalized convective velocity at the
sheath edge. Subscript 0 again refers to freestream conditions.
We use £(<5S) = 0 instead of Nf(^s) = N0 as the first boundary
condition because it simplifies the algebra considerably, while
these two boundary conditions give the same relation between
Ss and / at large £. To find expressions for the mobility
K(x,y) and the velocity us(x, y), we considered the compressible
boundary layer equations for flow over a.flat plate at a tem-
perature Tw. Following von Karman and Tsien26 and Pohl-
hausen,27 we found the temperature and hence mobility profile
in the boundary layer by using a momentum integral technique,
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A. Flat Plate
The "global" ion conservation equation is

0001
I04

Fig. 6 Nondimensionalized current density —7, current — /, sheath
thickness ys, and viscous boundary-layer thickness */* as function of c.

for a = TW/T0 = 0.1, 0.2 and for various values of /?0 =
%(y— 1)M0

2. The double integration in (26), based on these pro-
files of K, was performed using Simpson's rule, starting at the
leading edge and marching downstream. It appeared from the
results that the reduction in current collected is less than about
5% provided the displacement thickness of the viscous boundary
layer is less than about j of the sheath thickness at the end of
the electrode. Figure 6 shows the results for a typical case
considered: a = 0.1 !̂ = (^wpw)(p0

2D0 co)"1 = 0.1 and £0 = 0.5.
For rj* = ^*/i i~1co~1/2 = 0.7^ the current density j = —drjs/d£,
is reduced by about 30%, and the current -/by about 15%,
compared with the uncorrected results denoted by dotted lines.

In order for the viscous boundary-layer effects discussed in this
section to remain small, we can use the general criterion
d* < 6S. For the flat plate this condition may be approximated
by

assuming that the viscous boundary layer and the sheath have a
common leading edge. This condition on £ arises from the circum-
stance that the sheath grows as x1/4, while the boundary layer
grows as x1/2.

Using a similar treatment for the axisymmetric geometry, we
have found that the results of Sec. Ill are not affected very
much by viscous boundary layer effects provided

The influence of ion production inside the sheath was
considered in Ref. 28.

V. Free Molecular Ion Boundary Layers
Several investigators2"4'6'7 recently have used cylindrical

probes in flowing gases under free molecular conditions. For
probes aligned with the flow, it was found that, under certain
conditions, the experimental current was greater than that pre-
dicted by conventional theories, which do not take account of
the presence of the flow. In the present section, a theory is
developed which accounts for the influence of the flow. Results
are presented for the flat plate geometry, as well as for the
axisymmetric case.

For the free molecular case, the ion sheath thickness is small
compared with an ion-neutral mean free path AlV We are not
restricted to a slightly ionized flow but require — Vw > kTJe so
that we can approximate the potential drop across the sheath as
Vw. We do not have to consider viscous boundary-layer effects
since the mean free path is large, and the freestream is assumed
uniform. In other respects, the assumptions are the same as in the
continuum case. Application of the integral method of Sec. II to
the present case leads to an unacceptable singularity at the lead-
ing edge.29 We can avoid this difficulty by reverting to the quasi-
one-dimensional method. In order to obtain the conventional or
Langmuir solution for the downstream region, a term representing
the thermal flux of ions crossing the outer edge of the sheath
must be included in the "global" ion conservation relation.

h/r C7)

where fr is the thermal flux crossing the sheath edge (we take
fr > 0,/< 0). We assume that this thermal flux consists of mono-
energetic ions, all entering the sheath with perpendicular velocity
VQ =fr/(eN0). Equation (27) is supplemented by an approximate
relation between 6S and/, for which we use the Child-Langmuir
law for space-charge limited current for the case with initial
velocity v0:

-f/fr = f l s ' 2 (28)
where

Substituting (28) into (27) and integrating, we obtain

where x = xt;0[2/if Wll2(\.+jW)i^0 u] ~1, and where the constant
of integration was determined from the condition fj (0) = 0.
Equations (29) and (28) provide fjs and —f/fr as function of x.
For large x, the limiting solution is

fl,= l, -///r=l. (30)
while for small x

The quantity —f/fr is plotted in Fig. 7 as function of x. It is seen
that for

x < x 1/3
there is a considerable increase in the current density collected
at the probe arising from convective effects.

Provided the electron temperature Te is not larger than the ion
temperature 7J, so that there are no complications arising from
Bohm's sheath criterion, we can relate i?0 to 7J by
t;0 = i(8/c7;/7rmf)1/2. For this case, 1T0

2 = (47T)"1. In the limit
W-* oo, (30) now gives back the conventional Langmuir result.
For the case Tt < Te, i^0

2 is of order (4n)~1Te/Ti (see also
Sec. VI).

B. Cylindrical Probe
The global ion conservation equation now is (cf. Fig. 3)

(32)
where K = (Nf ^)p/N0 u0 (<0) is the nondimensionalized current
density at the probe surface. Furthermore as = rjrp and
% = x/rp, rp being the radius of the probe. The quantity
jU = U/VQ is proportional to the Mach number of the free stream.
As an approximate relation between sheath thickness and current
density we use the well-known result of Langmuir and Blodgett30

_f/ f r

10 -

.0001

Fig. 7 Nondimensionalized current density -f/fr as function of x, for
flat-plate probe in free molecular regime.
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(33)
with

Q =
$* = (y + 0.4 y2 + 0.09 1/ + 0.014 y4 + 0.002 ?5 + ...)2, °s< 10

Pp
2 « 4.67as[ln (2~ 1/2as)]3/2, <rs > 10

where 7 = In crs. Combining (32) and (33) produces
daJdx = o-^p-2-Q (34)

where x = %ti~1Q~1- The limiting downstream solution is
a,Pp

2Q=l, -K/as=\ (35)
which is just the conventional Langmuir result. Solving (34) and
(33) for small x gives

cr.-l = (3x)1/3, -K/OS = Q-\3x)-2'3 (36)
As ought to be the case, these results agree with the flat plate
results (3 1) in the limit of large W. Results for — K/GS as a function
of x for various Q are shown in Fig. 8. Again, there is an
important increase in — K/OS arising from convective effects for
small x. A typical value xc below which convective effects must
be taken into account can be obtained by equating the second
of (35) to the second of (36), which gives

xc«iQ-3'2 (37)
In deriving the results of this section we have tacitly assumed

that the effects of angular momentum of the ions may be left out
of account. Such effects may cause the current to be limited by
orbital motion rather than by space charge effects. The orbital
motion limitation would make itself felt most strongly in the
downstream region. Langmuir and Mott-Smith31 indicate that in
this region orbiting effects are negligible within 5% provided
co 1/2/crs ^ 2 where as

2 > 1.

VI. Comparison with Experiment
This section is devoted to comparing the results obtained with

available experimental data. Unfortunately, not many data are
available that clearly lie in regimes where our theory is valid.
This is largely because most experimenters deliberately worked in
regimes where flow effects supposedly were not important, and
where existing no-flow theories could be used to interpret their
data. Nevertheless, we find that taking account of flow effects
explains some results that were previously not well understood.

Experimental results with free molecular ion-density probes
have been obtained by Lederman, Bloom, and Widhopf.6 By
shocking air and then expanding it through a nozzle, they were
able to obtain flows that were freemolecular with respect to
the diameter of thin cylindrical probes aligned parallel with the
flow. They applied negative voltages to the probes so as to
collect ions. The existence of flow effects in their experiment is
clear from Fig. 9 of Ref. 6, which is a plot of current density
averaged over the probe, versus length to diameter ratio L/d
of the probe. The normalized current density increases as L/d

10 -

decreases, showing a dependence of current density on the
streamwise coordinate, and therefore a flow effect. Lederman
et al.6 concluded that L/d must be greater than 225 for the
current density to be practically independent of L/d for their
experimental conditions.

For purposes of comparison with the theory of Sec. V.B, it is
convenient to use Fig. 7d of Ref. 6, which gives a curve of best
fit through the experimental data6 (see Fig. 9). The coordinates
of this plot are ap and rp/he, and the curves shown are for
c3 = 35, 23.4, and 11. 7. Here

Fig. 8 Nondimensionalized current density — K/GS as function of x at
various Q, for cylindrical probe in free molecular regime.

he = (e0* W2)1'2. 65 = -eVJ(kTe\ xp =fJ(eN0vQ')
where ft is the current density averaged over the entire surface
of the probe, and v0 = (kTJInmj)112.

It is readily shown that in the present notation, ap = 1.52<K>,
where < > denotes an average taken over the length of the probe.
Since the electron temperature Te was much larger than the ion
temperature Tt in the experiments of Ref. 6, ^u"1 in the present
theory was taken to be u~ l(kTj2HrniY12. This is of the order of
VQ/U, and is an expression derived by Schulz and Brown,32 who
considered cylindrical probes in the absence of flow. The
numerical factor in the expression just given must be considered
somewhat uncertain. Fortunately, the total current collected by a
cylindrical probe is not very sensitive to this factor. As can be
seen from Fig. 9, the present theoretical results calculated for
L/d = 50 agree very well with the experimental data. The agree-
ment appears to be within 15% over a 65 range from 11.7 to
35 and a rp/he range from 0.2 to 2.3,' which is within the
experimental scatter of about 20%.

Also shown in Fig. 9 are theoretical results based on the work
of Laframboise,33 as given in Ref. 6, and on the work of Lang-
muir and Blodgett.30 Neither of these theories takes account of
flow effects. Except for large rp/he, Laframboise's theory is not
strictly applicable, because the experimental conditions were such
that the sheath was not completely collisionless. The collisions of
importance were ion-neutral collisions, whereas ion-ion collisions
played only a minor role. The collisions tend to remove the
orbital motion limitation, and hence lead to an increase in the
current collected.6 In view of this, it is more appropriate to
use the results of Langmuir and Blodgett30 already mentioned
in Sec. V.B. Comparison of the present results with those based
on Ref. 30 allows a direct evaluation of the importance of flow
effects in the experiments of Ref. 6. It is seen that for ap « 30,
convection allows for about 50% of the total current. We find
that for this value of ap, the ratio of xc to the nondimensionalized
length XL = L/(rp fiQ) given by

XC/XL * OM(-eVJkT.)*i4(hJL)(u/v0)
is of the order of \. For decreasing values of ap, the influence
of convection on the total current is seen to be smaller. It
should be mentioned that the current convected into the frontal
areas of the probe is negligible (less than a few percent) for all
the experimental results discussed in this section.

Another series of experiments with small cylindrical probes
aligned parallel to the flow was reported by Sonin.5 No flow
effects were found for L/d as small as 100. This is consistent with
(37), which gives XC/XL « 0.03 for the conditions of Ref. 5, indicat-
ing that flow effects should be very small. In agreement with
the results of Ref. 6, it was found that ap is larger than predicted
by Laframboise's theory for rp/he < 3. While the ratio of sheath
thickness to ion-neutral mean free path was large, the ion-ion
mean free path was small (0.03-0.5 times the probe diameter d).
The explanation for the difference in ap's is believed to be the
removal of the orbital motion limitation by ion-ion collisions
inside the sheath.

Finally, we mention the experiments of Dunn and Lordi.7
These experiments were rather similar to those of Refs. 5 and 6;
however, no significant increase in current was found over the
values predicted by Laframboise's theory. In the work of Ref. 7,
rp/he was of order 1, 65 was of order 15, and L/d equalled 50.
The value of ap predicted from Laframboise's theory is 4.37.
This quantity is a measure for the ratio of sheath radius rs to
probe radius r . The ion-neutral mean free path kin amounted
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I02

Fig. 9 Comparison of experimental
results of Ref. 6 with theory, as discussed

in Sec. VI.
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to less than 2rp. Consequently, the ratio kin/rs was less than \,
which is significantly smaller than the corresponding value in the
work of Ref. 5 (kjrp > 8). We conclude that in the work of
Ref. 7, collisions not only constituted an orbital motion limita-
tion, but also were sufficiently numerous to reduce the current
collected by the probes. In this sense, the agreement of the
experimental results of Ref. 7 with Laframboise's theory must
be considered fortuitous. In view of the sizeable number of
collisions with neutrals suffered by ions in the sheath, the most
appropriate theory for evaluating the experimental data is the
continuum theory of the present Sec. III. To this purpose, we
used the Einstein relation Ki = eDi/(kT^, and set Di = ^ai^in,
where at is the ion sound speed. This yielded sheath thicknesses
at the end of the probe of about 6-12 times the probe radius, and
values of N0 which are up to 20% higher than the Laframboise
values for most of the downstream stations (A/A* = 295, 250,
and 210), and about a factor 2 higher at the other stations
(A/A* = 114 and 235). The new values of N0 agree with the
microwave results of Ref. 7, within experimental scatter and
uncertainty.

VII. Concluding Remarks
In the previous pages, we have formulated theories for ion

boundary layers, which are useful for the interpretation of data
obtained with negatively biased electric probes immersed in flow-
ing plasmas. While a number of simplifying assumptions has been
made, it is believed that the results allow the determination of
freestream ion density typically within a factor of two, and in
some cases with accuracies of up to 10-20%, say. One of the
simplifying assumptions made for the continuum case is the con-
stancy of ion mobility. Actually, the mobility is constant only
when the density is constant, and when the electric field E is small.
The effect of density was investigated in Sec. IV, and was found
to be small. Similarly, it may be predicted that variations of
mobility from its low E value will not greatly change the
results obtained. An idea of the size of such variations may be
gained from Ref. 25, Chap. I, Pt. two, Sec. 8; generally, they are
not very large.

For the flat-plate case, one of the conclusions reached is that
the quasi-one-dimensional method of Ref. 20 correctly gives the
leading term in the expression for the current collected, and for the
sheath thickness. In view of its simplicity, the quasi-one-
dimensional method is attractive for finding results in more
complicated cases. It was used in Sec. IV for investigation of the
influence of the viscous boundary layer, and in Sec. V for treating
free molecular probes.

The results obtained in Sec. V for the free molecular case are
applicable when the convective velocity is much larger than the
average thermal velocity, i.e., when the ion flow is hypersonic.
Convenient criteria for estimating the importance of flow effects
are given by the relation following (31) and by (37) or its modified
form given in Sec. VI. The theory of Sec. V may also be applied
to electron collection provided the electron flow is hypersonic, a
situation which is seldom encountered. It is important to note
that none of the results obtained for the continuum regime may
be applied to electron collection. For ion collection in the con-
tinuum regime, we have shown that the influence of the viscous
boundary layer can be made small. The presence of the flow then
permits a simple and straightforward interpretation of experi-
mental probe data.
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The electrical and thermal conductivities and radiant power per unit volume, PR, of nitrogen are measured at
atmospheric pressure between 10,500 and 12,250° K and are compared with the results of other investigators. A
probe technique based on the Hall effect is used to determine the plasma electrical conductivity and PR. In addition,
PR is determined by external optical techniques. A separate measurement technique which is used to determine
the vacuum ultraviolet contribution to PR is described. A correction for self-absorption is applied to the probe
measurements of PR. Thermal conductivity is obtained from an energy balance of the power input and measured
loss terms.

Introduction

THE electrical and thermal conductivities and the radiant
power per unit volume of nitrogen are measured at atmos-

pheric pressure between 9000 and 12,250°K, and these data are
compared with the results of other investigators. This investiga-
tion was initiated because a review of published data indicated
that serious discrepancies exist in transport properties. These
differences may be caused by: 1) errors in temperature measure-
ments; 2) absorption of radiant energy by the plasma or external
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optical medium; 3) nonconstant spectral response of the
detectors; 4) plasma impurities; 5) deviations from local thermo-
dynamic equilibrium; and 6) assumptions used in obtaining and
reducing the data.

In this investigation the radiant power per unit volume is
measured by two independent methods, and the results are
correlated with the measured temperature. Any discrepancy
between these source strength measurements is therefore not
attributable to an error in the temperature measurement, thus
allowing other possible errors to be more easily evaluated. A
probe technique based on the Hall-effect is used to determine
the plasma electrical conductivity a and also the radiant power
per unit volume PR. PR is also determined by external optical
methods which include a separate measurement technique to
determine the vacuum ultraviolet contribution to the radiant
power per unit volume. A correction for self-absorption at wave-
lengths greater than 2000 A is applied to the probe measurements
of PR. Thermal conductivity is obtained from a balance of the
measured power input and loss terms.


